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Abstract 

In this paper, we introduce a new analogue of Bernstein-Kantorovich operators which we call 
as (p, q)-Bernstein-Kantorovich operators. We discuss approximation properties for these operators 
based on Korovkin’s type approximation theorem and we compute the order of convergence using 
usual modulus of continuity and also the rate of convergence when the function / belongs to the class 
LipM(<a). Moreover, we also study the local approximation property of the sequence of positive linear 
operators We show comparisons and some illustrative graphics for the convergence of operators 

to a function. In comparison to q-analogoue of Bernstein-Kantorovich operators, our generalization 
gives more flexibility for the convergence of operators to a function. 
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1 Introduction and preliminaries 

During the last two decades, the applications of g-calculus emerged as a new area in 
the held of approximation theory. The rapid development of g-calculus has led to the 
discovery of various generalizations of Bernstein polynomials involving g-integers. The 
aim of these generalizations is to provide appropriate and powerful tools to application 
areas such as numerical analysis, computer-aided geometric design and solutions of 
differential equations. 

Using g-integers, Lupa§ [13] introduced the hrst g-Bernstein operators |1] and in¬ 
vestigated its approximating and shape-preserving properties. Another g-analogue of 
the Bernstein polynomials is due to Phillips [26]. Since then several generalizations 
of well-known positive linear operators based on g-integers have been introduced and 
studied their approximation properties. For instance, g-Bleimann, Butzer and Hahn 
operators |3|; g-parametric Szasz-Mirakjan operators (TB]; g-Bernstein-Durrmeyer op¬ 
erators d; g-analogue of Szasz-Kantorovich operators [TB] . 

Recently, Mursaleen et al introduced (p, g)-calculus in approximation theory and 
constructed the (p, g)-analogue of Bernstein operators |2l] and (p, g)-analogue of Bernstein- 
Stancu operators [23], (p, g)-analogue of Bleimann-Butzer-Hahm operators |23|, Bernstein- 
Schurer operarors [2S] and investigated their approximation properties. The (p, g)- 
analog of Szasz-Mirakyan operators [T], Kantorovich type Bernstein-Stancu-Schurer 
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operators [5] and Kantorovich variant of {p, g)-Szasz-Mirakjan operators |T9] have re¬ 
cently been studied too. 

Motivated by their work, in this article, authors introduce a new analogue of 
Bernstein-Kantorovich operators. Paper is organized as follows: In Section 2, we define 
(p, g)-Bernstein-Kantorovich operators and establish a bsic lemma which is used in 
proving main results. In Section 3, we discuss approximation properties for these 
operators based on Korovkin’s type approximation theorem and we compute the order 
of convergence using usual modulus of continuity and also the rate of convergence 
when the function / belongs to the class hipM^oi). Moreover, we also study the local 
approximation property of the sequence of positive linear operators Kn’^'^ ■ In Section 
4, we give some examples to show comparisons and some illustrative graphics for the 
convergence of operators to a function. 

Let us recall certain definitions and notations of (p, g)-calculus: 

The (p, g)-integer was introduced in order to generalize or unify several forms of 
g-oscillator algebras well known in the earlier physics literature related to the repre¬ 
sentation theory of single parameter quantum algebras [6] . The (p, q')-integer [Ti\p,q is 
defined by 


[np,q ■ = 


p-q 


[kW ■■= i 1 


?7, = 0,1,2,---, 0<g<p<l. 

^ k>l, 


k = 0 


The (p, g)-Binomial expansion is 

+ y)p,q ■= + y)ip^ + (iy){p‘^x + q^y) ■ ■ ■ (p^-^x + q^~^y) 

and the (p, g)-binomial coefficients are defined by 

\n\ 


n 

k 


'ip,q- 


p,q 

The definite integrals of the function / are defined by 


OO JU 

P 


f{x)dp^qX ={q- p)a ^ -^/ 
k=0 ^ 


P 


'v/C + l 


when 


and 


CXD u 


f{x)dp^qX = {p-q)a^-^f i-^aU when 


k=0 


p^ 


p'^ 


Details on (p, g)-calculus can be found in P [131 El 133 
notions of (p, g)-calculus are reduced to g-calculus [ID] . 


< 1, 


^ > 1 . 

q 

For p = 1, all the 
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2 Construction of Operators 


Mursaleen et. al IZH introduced {p, g)-analogue of Bernstein operators as 


/c=0 


n 

k 


n—k—1 

n ~ 

P,<1 s=0 


/ 


b^]p,qJ 


X e [0,1], 


But Bn,p,q{l;x) 7 ^ 1 for all x G [0,1]. Hence, they re-introduced their operators in [22] 
as follows : 


Bn,p,q{f ) x) 


1 

n(n —1) 

P 2 


E 


k=0 


n 

k 


k(k-l) , 

P 2 X 


n—k—1 

JJ {p^-q^x) 


p,q 


s=0 


( [k]p,q \ 

\P^-^[n]p,q) ’ 


X E [0,1]. 


The same problem was occurring with the operators introduced in [23] • So the 
revised form of {p, g)-analogue of Bernstein-Stancu operators are given as follows: 


*Sn,p,g(/;x) 


1 

n(n — 1) 

P 2 


n 


E 


n 

k 


n—k—1 

p ^ 2 {p^—q^x) f 

p,q s=o 


/ p"- ^[k]p,q + a \ 
V [lT]p,q + /^ / 


x E [0,1]. 


Note that for p = 1, (p, g)-Bernstein operators and (p, g)-Bernstein-Stancu oper¬ 
ators turn out to be g-Bernstein operators and g-Bernstein-Stancu operators, respec¬ 
tively. 

Dalmanoglu [7] dehned the Bernstein-Kantorovich HH operators using g-calculus 
as follows: 


'•[k+l\q/[n + l]q 


f{t)dqt, xe[o,i]. 


fc =0 


Pn,k{q-,x) := 


n 


Kn,q{f'^ x) = [n+ l]q^Pn,k{q] x) 

J[k\q/[n+l\q 

n—k—1 

n (1 

q s=o 

where Kn,q : (^[0,1] —)■ (^[0,1] are dehned for any n eN and for any function / E C[0,1]. 
Now, we introduce (p, g)-analogue of Bernstein-Kantorovich operators as 


k 


g®x) 


P 2 


E 


^n,A: pk n 


k=0 


pn—kqk 


[fe]p,g 


f{t)dp^qt, X E [0,1] (2.1) 


p'* " ^ i"ip,9 


where 


i-b’V)= 


n 

k 




n—k 

p,q 


p,q 


n 


k(k-l) ^ 


p 'E ^'x'^il-x)^/ = 


p,q 


n 


k(k-l) , 

P 2 X 


n—k—1 


n 


X 


p,q 


s=0 


and (x)p := x{px){p^x) • • • (p^ = p ^ 2 and / is a non-decreasing function. 


^p,q 
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For p = 1, operators (2.1) turns out to be the classical g-Bernstein-Kantorovich 
operators. 

First, we prove the following basic lemmas: 

Lemma 2.1. For a: G [0,1], 0 < g < p < 1 

(i) = 

(ii) 


(hi) + 

^ ^ ' P Mp, 9 \[3]p,(lMp,g Mp,9 / 


blp.ijMp q ’ 


2p" 


(iv) K^'')((t-x)2;x) = zp- . 

^ ' '' ' \P Wp,q / \[3]p,qMp,q Wp,q [2]p,qMp,qy [3]p,qMp,q 

Proof, (i) 


r 1 n / \ [fc+i]p,q 

X)= Jfe i: =i. 


^(^-1) / ^ rnn—k^k 

P ^ k=0 ^ y 


[fc]p,g 


^]p,g 




r 1 n iipp)(^\ ^ [fe+ilp.q 

Pjp,i} ^n,k \^) / P " ["lp.9 ^ ^ ^ 

/ ^ ^n—k^k I rn.. . 


^(^-1) / ^ rnU—k^k 

P ^ k=o ^ ^ 




^]p,g 


[2]p,5[n 


n(n —1) 




([k+mq-P^[k]lq 


_ r,n—k^k 

p><ip 2 p y 


p- 


,2fc—2n 
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Using [k + l]p,g = + p[/c]p,q, we have 


KM(t; 


111 


1 


;x = 


[2]p,g[n-] 
1 


p.i p" 


n(n—1) 


E 

fc =0 


'>.h”U)(p'=+[2i„[fcip. 






pn 


[2]p,q[n.]p,q p ^2 ^ 

1 p” 

[2]p,g[n]p,q p ^ 2 




(p.i), 






p 


+ 


[2]p,q n-p,q p 


fc =0 

n(n —1) 

P 2 
n—1 

E 


+ [2]p,g 


fc =0 


fc =0 

n 

k 


pK 


\k I'l ^\n-k [^]p,<? 


(x)p^g(l - x) 


P>9 


P.g pfc 


n — 1 


p 


n(n —3) 

2 k=o 

^ n—1 


k 


[2]p,<j[n- 


+ 


p 


[2]p,<j[^]p,g p 
+ X, 


(ti-1)(ti-2) 

p,q p 2 ^^0 L 

n—1 
X 


(n-l)(ti-2) 


E 

n—1 

E 

k=o '- 


2 p,q 

n — 1 

k 

n — 1 

k 


(rr\k+l(-i _ \n-k-l _}_ 

\'^)p,q '>^)p,q pk+l 


p,q 


(A)(^)L(l-^)p/"'p: 


- x)l 


n—k—l 

p,q 


p,q 


p 


\Ap,qW\p,q 


Kt^\e-,x) = 


n 


p,q 


n(n —1) 


E 




^ [fc + l]p,g 

pk-n [n]p,g 2 


r,n—knk 

P 2 p q 


' lk]p,q 
pk-n-1 

' (P.-?) / 


t dp^qt 


rQi r„i2 "("-!) 

['JJp,ij["'Jp,qp 2 


P 


2n 


[Qi r„i2 "("-!) 

L'JJp,gL"'Jp,qp 2 


/ ^ pn—kqk y p3k—3n J 

\^ k(p>q)/ \ fT , /n I ^ Wp.9 I [^Ip.eWp,? 

2^ bZk (a^) (^1 + (2g + ^ + p2fc 


p 


,2n 


[3]p,g[^]p,q 


1 + 


(2g + p) -sr^ uMi^\ w p,q I [3]p,g 


p- 


n(n —1) 


EC 

k=0 


X 


+ 


n(n— 1) 


P p^ 


EC 

k=0 


(P-P, 






p 


2k 


With the help of the previous calculations, we have 


n(n—1) 


p- 


Et 

fc =0 


jx^q) I 

n,k 


X] 


W\P. 


p,q 


P' p,q 


X. 


And 


n(n— 1) 


P" 


EC 

k=0 


(p,q) 


[^]p, 


fc p2k 


p,q 


p- 


n(n—1) 


E 


pK 


n 

k 


pn 


k=o -‘p^q 


(■r'\k /I _ \n-fc Wp, <? 


P". P^Q 


n{n —1) 


p- 


n—1 r 

E 

k=0 


n — 1 




-k-l + l]p,g 


P:9 


p,q 


p 


,2fc+2 
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Using [k + l]p,g = + q[k]p^q, we have 


n(n — 1) 


p- 




(P:9) 




A:=0 


k p2k 


1 


n(n— 1) 


p- 


n—1 r 

k=0 


n — 1 




n—k—1 

P,<1 


P,<1 


1 Q[k]p,q 


pk -\-‘2 p ‘ 2 k -\-‘2 


1 1 

(n-l)(n-2) 

Ip 2 X 

n(n—l) ] 


P 2 1 

1 p 


^ (n-l)(n-2) 

^ J 

Ip 2 X 

n(n— 1) ] 

1 nS 

P 2 1 

L P 


, (n-l)(n-2) 

1 J 

Ip 2 X 


n—2 


+ (l[n - ^]p,qY^ 


k=0 ^ 
n—2 r 


n(n— 1) 

P 2 


+ (l['^ - Mp,qYl 


pZ 


+ - l]p, 


n — 2 
k 

n — 2 

k 

k=Q 

{n — 2)(n — 3) ^ 

P 2 X 


\n—k—2 


p,q 


(x) ^ (1 - xU" 

V-^ •^Jp,q p2k+4 


(/+^x)(/x)(x)Jg(l -x) 


n—k—2 


p,q 


P,q p2k+4 


p,q 




1 ™ , qI^-Mp, 


in+l 


P 


X 


p 


,2n+l 


P,.X2 


Using the above eqnalities, we have 


P V 


p^{2q + p) ^ p 


n—1 


[3]p,g[n]p,g [n]p^q 

(iv) Using the linearity of the operators Kn’^\ we have 
K^^'^\{t-xf]x) 

= x) - 2xKlf’i\t; x) + x^Kl^''^\l; x) 


X + 


p 


2n 


[3]p,q[n]p^g 


g [^-l]p,g 2 I 
P [n]p,q 
q[n- l]p,q 


p"'{2q + p) p"^ ^ ^ p 




2n 


[3]p,gN^ 


P [n\p,q 


-1 x" + 


p,g 

2p^‘ 


2x( X + 


p 


[2]p,gNp,g 


+ X 


p^{2q + p) p^ ^ 

[3]p,q[n]p^g Wp,g [2] p.<?Np:9 


X + 




2n 


[3]p,g[n]p^g 


3 Main Results 

Let C[a, b] be the linear space of all real valned continnous fnnctions / on [a, b] and let 
T be a linear operator which maps C[a, b] into itself. We say that T is positive if for 
every non-negative / G C[a, b], we have T{f, x) > 0 for all x G [a, b] . 

The classical Korovkin approximation theorem |2l |12l |29] states as follows: 

Let (T„) be a seqnence of positive linear operators from C[a,b] into C[a,b]. Then 
lim„ ||r„(/,x) - f{x)\\c[a,b] = 0, for all / G C[a,b] if and only if lim„ ||r„(/i, x) - 
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fi{x)\\c[a,b] = 0, for i = 0,1, 2, where fo{x) = 1, fi{x) = x and f 2 {x) = x^. 

Theorem 3.1. Let 0 < < 1 such that lim = 1 and lim qn = 1. Then for 

n^oo n^oo 

each / e C[0,1], x) converges uniformly to / on [0,1]. 

Proof. By the Korovkin Theorem it is sufficient to show that 

lim \\KiP-’<^-\t^;x)-x^\\c[o,i] = 0, m = 0,l,2. 

n^oo 

By Lemma 2.1 (i), it is clear that 

hm ||iL^’''")(l;a:)-l||c[o,i]=0. 

n^oo 


Now, by Lemma 2.1 (ii) 


x) — a;| = 


Pn 


which yields 
Similarly, 


P]pn,gn VApn,qn 
lim - a;|lc[o,i] = 0- 


— x‘^\ 
'Qu [n-l]p^,q„ 
Pn [^]pn,gn 
Qn [n - l]p„,g„ 


_ 1 + (lih%±pT + yl 


n—1 


[3] 


Pn,qn [^\pn 1^X1 


\n 


Pn,qn 


X + 


„2n 

Irn 


[3], 


\n\ 


< 


Pn [n^ 


Pn,qn 


I ]x^ + 


2 , / Pni‘^Qn+Pn) , p] 


[3] 


Priiqni }pn,qn 
pi—1 \ ^2n 

+ - U + 


Pn,qn [^\pn ■,qn 


\n 


Pn,qn 


pt, 


[3],.. 


q-n [^}pn,qn 


Taking maximum of both sides of the above inequality, we get 


||^(p„,<7„)(^2;^) _^2|| < 


Qn [n - l]p„, 


Qn 


Pn [n 


- 1 + 


Pni‘^Qn+Pn) , p] 


.n—1 


+ 


+ 


„2n 

Pn 


Pn,qn 


[3]pn,gn Pn,gn ^.Pn,qn [3]p„,(?ri[^]p„, 


qn 


which concludes 


hm \\KIp’^’'^"\P;x) -a;^||c[o,i] = 0. 

n^oo 

Thus the proof is completed. 


Now we will compute the rate of convergence in terms of modulus of continuity. 

Let / G (^[O,!]. The modulus of continuity of / denoted by uj{f,S) gives the 
maximum oscillation of / in any interval of length not exceeding 5 > 0 and it is given 
by the relation 

u{f,6)= sup \f{x)-f{y)\, x,ye[0,b]. 

\x-y\<5 
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It is known that lim u{f,5) = 0 for / G C[0,b] and for any h > 0 one has 


\f{y) - f{x)\ < 


{y - xf 
52 


+ 1 . 


(3.1) 


Theorem 3.2. If / G (^[0,1], then 

|Ay«>(/;i)-/W|<2w(/,i„(i)) 

takes place, where iS„(x) — \jKn '^^— x)^. 

Proof, Since x) — 1, we have 


[^\p,q ^n,k I P'' " I"lp, 


[fc + l]p,g 


— ri(n —1) 


E 


_ _ r,n—kf^k 

P ^ k=0 P ^ 


' [^]p,q 


1/(0 - 


In view of (3.1), we get 
\K!f-<\f;x)-f(x)\ < 


[n]p,g ^ /■ p"-" itL 


’^(ti-1) / V ^n—k^k 

P ^ k=0 P ^ 


f 

pk — n—l [n]p^q 


52 


+ 1 >uj{f,S) 


+l|a;(/,5). 


Choosing 6 = 6n{x) = y Kn’P ((t — x)2, we have 

\Kn’‘^\f-,x) - f{x)\< 2u{f,Sn{x)). 

This completes the proof of the theorem. 

Now we give the rate of convergence of the operators in terms of the elements 

of the usual Lipschitz class Lip^(a). 

Let / G (7)0,1], M > 0 and 0 < a < l.We recall that / belongs to the class 
Lip^(a) if the inequality 

f{x)\<M\t-x\'^, (f,a;G[0,l]) 


is satished. 

Theorem 3.3. Let 0 < g < p < 1. Then for each / G Lip^(Q:) we have 

\K';^-’‘\f-,x)-f(x)\<MSZ(x), 



where 5n{x) = \JKn’'^\{t — x)^; x). 


Proof. By the monotonicity of the operators Kn'^\ we can write 




[n] 


p,<i 


— ri(ri—1) 


n y 




(P-?) 

n,k 


X) 


^ [fc+l]p,(j 

pk-n [rajp^q 


_ — k pik 

P ^ k = 0 '' pk-n-l 




\f{t) - f{x)\dp,gt 


< Afl^y 


p"' ■“ - [n\p,q 

pk " Mp,q 




_ — k 

P ^ k=0 pk-n-l [n\p^^ 


[fe]p,g 


\t — X|" dp^qt. 


Now applying the Holder’s inequality for the sum with Pi = ^ and p 2 = ^ind taking 
into consideration Lemma 2.1(i) and Lemma 2.2(ii), we have 


n f r 1 h^P’’l')(rr\ r-,P^X±lP^ 

iA'y'(/;.)-/wi < My )y,t 

k = 0 [.P ^ pk-n-l' 

dP^q) I 


Mp,q f lx,. , 

^ ^ pn-kqk I 


2-a 

2 


.P 


< M< 


X ■ 


'pk n U ln]p,q 

°n,k yj / p''-" Wp.9 


n(n — 

p ^ 


n p,{p,q) 

LE 


fc =0 


pTi—kqk 


[A]p,< 


{t — X^dp^qt 


[n] 


p,q 


7i(n—1) 


E 


btk\x) 


pk n 1 [n]p^q 
[fc + l]p,g 


„k — r 


'^]p,q 


2-a 

2 


r^n—k^k 

.P 2 k=o P ^ 


[fe]p,g 




■nk — n — 1 


'^]p,q 


Choosing 5'^{x) = h^(x) = Kn’^\{t — a:)^;x), we arrive at our desired result. 

Next, we prove the local approximation property for the operators The 

Peetre’s iL-functional is defined by 


where 


A'2(/,i) = mf|{||/-9ll +<S|ls"l|} : 9 e W% 


H-'= = {9 6C|0,1]:9',9"€C[0,1|}. 


Byi, there exists a positive constant C > 0 such that iP 2 (/, 5) < Cuj 2 {f, \/h), S > 
0, where the second order modulus of continuity is given by 

W 2 (/, VS) = sup sup I f{x + 2h) - 2f{x + h) + f{x) \ . 
o<h<Vs xe[o,i] 
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Theorem 3.4. Let / G (^[0,1] and 0 < q < p < 1. Then for all n G N, there exists an 
absolnte constant C > 0 such that 


- f{x) \ < Cu 2 {f, 6 n{x)) +u{f,an{x)) 


where 


Sn{x) = i ((t - xy-, x) + 


p- 


2 n 




and oiri — 


p 


[2p,(jr P'.p,q 


Proof. For x G [0,1], we consider the auxiliary operators iF* dehned by 


K:{f-,x) = Ky^^\f;x) + f{x)-f(x + 


p 


[2p,q P'.PtQ 


From Lemma 2.1, we observe that the operators K*{f-, x) are linear and reproduce the 
linear functions. Hence 


K:{1;x) = Ky’^\l;x) + l-l = l, 

x) + X - (X + 


p 


[2p,g P'.p,g 


= X, 


so K^{t — x]x) = K^{t] x) — xK^{l] x) = 0. 

Let X G [0,1] and g G (^^[0,1]. Using the Taylor’s formula 

g{t) = g{x) + g'{x){t - x) + j (t - u) g'\u) du. 

J X 

Applying iF* to both sides of the above equation, we have 

Kl{g]x) - g{x) = Kl{{t - x)g\x)-x) + Kl{^j (f - n)/(n)dn; 

\)q''(u)du: x 



= ~ u)g”{u)du-, x^ 


— u g"{u)du 


f‘X+ 


[2p,g][n]p^g ! p 

X + 


[2p,g P'.p,q 


u J g"{u)du. 


On the other hand, since 


{t — u)g''{u)du 


< |f — u\\g”{u)\du < 


\t-u\du<it-xr\\g"\\ 
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and 


rx-\- 


[‘^p,q][‘^]p,q 


X + 


p 


[2p,(jr P'.PtQ 


u 1 g"{u)du 


< 


2n 

II J'\ 


|2|?,,N5,, 


We conclude that 

K*n{g-,x) - g{x) 


/ {t-u)g''{u)du-x 


rx-\- 


[‘^p,q\ [^]p,g 


X + 


pn 


[2p,g XI 


— u \g {u)du 


< \\g"\\KM{(t-xf-,x) + 


p,q 

„2n 

^ II J/\ 


[21?,,NL 

Now, taking into account boundedness of K*, we have 

|/C(/;2^)|<|4’’'''’(/;a:)|+2||/||<3||/||. 


Therefore 


\K<r-i\f;x)-f(z)\ < \K(f-,x) - f{x)\ + 


f{x) - fix + 


p 


< - 9-,x) - if - g){x) 


[2]p,g[n]p,g 


fix) - fix + 


p 


[2]p,<?Np,g 

< \Kif - 9-,x)\ + \if - g)ix)\ 


fix) - fix + 


+ 


< M\f - 9\\+^i f, 


p 


[2]p,<?Wp,g 

pU 


[2]p,5[n 


p.<? 


+ \Ki9-,x) - gix)\ 

+ \Ki9]x) -9ix)\ 
+ ^lix)\\9''\V 


Hence, taking the inhmum on the right-hand side over all g G we have the following 
result 

\^n'‘^\f'^x) - /(a;)| < 4:K2{f,dlix)) + a;(/, a„(a:)). 

In view of the property of iT-functional, we get 

\K^n''^\f-,x) - fix) \ < Cu 2 {f,Snix)) + w (/, a„(a:)). 

This completes the proof of the theorem. 
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Figure 1 


Figure 2 


4 Graphical Examples 

With the help of Matlab, we show comparisons and some illustrative graphics [20] for 
the convergence of operators to the function f{x) = 1 + sin{7x). 

From Fig. 1 it can be observed that as the value of q and p approaches towards 1 
provided 0 < q < p < 1, (p, g)-Bernstein-Kantorovich operators converge towards the 
function. The parameters q and p adds flexibility in approximation of functions by 
positive linear operators. 

In comparison to Fig. 1 as the value the n increases, operators given by (2.1) converge 
towards the function which is shown in hgure (2). 

Similarly for different values of parameters p, q, n convergence of operators to the func¬ 
tion is shown in Fig. 3 and Fig. 4. 

Thus in comparison to g-analogoue of Bernstein-Kantorovich operators, our general¬ 
ization gives us more flexibility for the convergence of operators to a function. 
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